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ABSTRACT
We present FANTASY, a user-friendly, open-source symplectic geodesic integrator written in
Python. FANTASY is designed to work ”out-of-the-box” and does not require anything from
the user aside from the metric and the initial conditions for the geodesics. FANTASY efficiently
computes derivatives up to machine precision using automatic differentiation, allowing the integration
of geodesics in arbitrary space(times) without the need for the user to manually input Christoffel
symbols or any other metric derivatives. Further, FANTASY utilizes a Hamiltonian integration scheme
that doubles the phase space, where two copies of the particle phase space are evolved together.
This technique allows for an integration scheme that is both explicit and symplectic, even when the
Hamiltonian is not separable. FANTASY comes prebuilt with second and fourth order schemes, and
is easily extendible to higher order schemes. As an example application, we apply FANTASY to
numerically study orbits in the Kerr-Sen metric.
1. INTRODUCTION
In the past, geodesic integrators have been used to
ray trace photon orbits around black hole spacetimes.
Typically, such calculations are done on top of general
relativistic magnetohydrodynamics simulations in post-
processing. While the majority of past integrators focus
on the Kerr metric (e.g., Dexter & Agol 2009; Dexter
2016; Chen et al. 2015; Shcherbakov & Huang 2011;
Chan et al. 2013, 2018) or the Kerr-Newman metric
(Yang & Wang 2014), the possibility of testing modi-
fied theories of gravity through electromagnetic obser-
vations of supermassive black holes at horizon scales
(Johannsen & Psaltis 2010) via experiments such as the
Event Horizon Telescope (Event Horizon Telescope Col-
laboration et al. 2019a,b,c,d,e,f) generates an impetus
for the development of geodesic integrators that are ca-
pable of handling more general spacetimes. To this end,
geodesic integrators have been developed as part of ray
tracing algorithms that can be employed on arbitrary
spacetimes (Bronzwaer et al. 2018; Younsi et al. 2016)
or on specific parametrized spacetimes (Psaltis & Jo-
hannsen 2012). These integrators, however, are non-
symplectic and thus possess unbounded errors in their
conserved quantities. Comparatively, numerical meth-
ods that respect the symplectic nature of general rela-
tivistic geodesics have been relatively unexplored, with
just one recent result showing that if a (3 + 1) form of
the spacetime can be supplied, an intrinsic integration
scheme that preserves the Hamiltonian to numerical ac-
curacy can be employed (Bacchini et al. 2018).
The parametrized spacetimes relied upon in many
contemporary tests of modified gravity are phenomeno-
logical metrics that are parameterized deviations of the
Schwarzschild or Kerr solutions in general relativity
(Vigeland et al. 2011; Johannsen & Psaltis 2011; Kono-
plya et al. 2016). These metrics are not solution of any
field equations, and might contain pathologies such as
Lorentz violations or closed timelike curves (Johannsen
2013). Further, many of these metrics possess geodesic
equations that lack the fourth constant of motion, and
thus are non-integrable. Due to their constructions,
these metrics also have long and unwieldy mathemat-
ical forms. All of these difficulties make their geodesic
structure relatively under-explored.
In addition to the phenomenological metrics, there are
also a variety of metrics that are solutions to particu-
lar modified theories of gravity whose geodesics remain
largely unplumbed. Some examples include neutron
stars in scalar-tensor gravity (Zaglauer 1992; Damour &
Esposito-Fare`se 1993) and f(R) gravity (Cooney et al.
2010; Upadhye & Hu 2009), black holes in Chern-Simons
gravity (Yunes & Pretorius 2009; Konno et al. 2009), as
well as configurations consisting of combinations of black
holes (Emparan & Reall 2008) and black rings (Emparan
& Reall 2008) in higher dimensional theories (Elvang &
Figueras 2007).
In this work we present FANTASY, an open-source
geodesic integrator that is specifically written to be user-
friendly. In particular, FANTASY only takes as input
the metric and the initial conditions for the geodesic.
It does not require the user to input Christoffel sym-
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2bols or any derivatives of the metric, as it employs
automatic differentiation to efficiently compute metric
derivatives to machine precision. As it directly inte-
grates the geodesic equation, the user also does not
need to manually supply any conserved quantities. FAN-
TASY is capable of handling metrics that are not split-
table to a (3+1) form, and thus can be used to integrate
geodesics in non-globally hyperbolic spacetimes and Rie-
mannian spaces. The former is useful for integrating
geodesics in designer metrics containing pathologies (Jo-
hannsen 2013), while the latter is useful for integrat-
ing geodesics in statistical manifolds equipped with the
Fisher information metric (Crooks 2007; Itoh & Satoh
2017). The integration scheme we employed is symplec-
tic, thus allowing only for bounded errors in the con-
served quantities. FANTASY comes prebuilt with sec-
ond and fourth order integration schemes, and can be
easily extended to higher order (even) schemes.
In Section 2 we describe geodesic integration in gen-
eral, in Section 3 we discuss the symplectic integration
scheme used by FANTASY, and in Section 4 we present
a formulation of automatic differentiation that is suit-
able for geodesic integration in arbitrarily curved man-
ifolds. We follow these technical discussions with an
application of FANTASY to the Kerr metric in Section
5 and the Kerr-Sen metric 6. Finally, in Section 7 we
give some concluding remarks.
Unless specified otherwise, in this paper we will work
on an n dimensional manifold with a metric signature
(-,+,+,+,. . . ,+). In Darboux coordinates, our 2n-phase
space coordinates will be (q, p), where coordinates with-
out indices indicate the collection q = {q0, q1, . . . , qn}.
2. GEODESIC INTEGRATION ON MANIFOLDS
The Lagrangian for geodesics in curved spaces (or
spacetimes) is
L(q, u) =
1
2
gαβu
αuβ , (1)
where uα = dqα/dλ is the rate of change with respect to
the affine parameter λ. Performing the Legendre trans-
formation we obtain the Hamiltonian
H(q, p) =
1
2
gαβpαpβ , (2)
as a function of the conjugate momenta pα. In curved
manifolds, it is important to note that the Hamiltonian
is defined on the cotangent bundle instead of the tangent
bundle. This is because components of vectors in the
tangent space is related to components of covectors on
the cotangent bundle by the metric, and components of
the metric in general changes with the coordinates and
thus possess non-zero derivatives.
Once written in the Hamiltonian form, we can solve
for the geodesics using standard Hamiltonian dynamics
defined on the cotangent bundle, now seen as a 2n di-
mensional symplectic manifold with symplectic 2-form
Ω = dp ∧ dq in local Darboux coordinates. In these
coordinates, the Hamilton equations read
dqα
dλ
=
∂H
∂pα
, (3)
dpα
dλ
= − ∂H
∂qα
. (4)
For H given by equation 2, the Hamilton equations be-
come,
dqα
dλ
= gαβpβ , (5)
dpα
dλ
= −1
2
pγpβ
∂gγβ
∂qα
. (6)
FANTASY solves these coupled equations through an
explicit symplectic scheme aided by automatic differen-
tiation to compute the derivatives of the metric appear-
ing in equation (6).
3. EXPLICIT AND SYMPLECTIC INTEGRATION
SCHEME
FANTASY uses an explicit, symplectic integration
scheme based on embedding the phase space, with co-
ordinates (q, p) into a ”doubled” phase space consisting
of two copies of the phase space,
(q, p)→ (q, p, x, y) ,
where (x, y) are coordinates for the second copy of the
phase space. In local coordinates, the doubled phase
space is endowed with the symplectic 2-form dq ∧ dp +
dx ∧ dy. This method was first proposed by Pihajoki
(2015) for non-symplectic integrators and extended by
Tao (2016) for symplectic integrators.
In order to integrate the flow of a Hamiltonian H,
we instead solve the flow of H¯, a Hamiltonian of the
doubled phase space given by,
H¯(q, p, x, y) = HA +HB +HC , (7)
where HA = H(q, y) and HB = H(x, p) are the original
Hamiltonian with the position and momenta coordinates
mixed between the first and second copy of the phase
space, HC = (ω/2)(||q − x||22 + ||p − y||22) a constraint
Hamiltonian that couples the two copies of the phase
space, and ω a scalar parameterizing the strength of the
coupling.
The flow of H¯ on the doubled phase space is then
constructed by Strang splitting the flow map of H¯. For
3a timestep δ,
φδH¯ = φ
δ/2
HA
◦ φδ/2HB ◦ φδHC ◦ φ
δ/2
HB
◦ φδ/2HA , (8)
where φTY is the flow map of a hamiltonian Y over
timestep T . This integration scheme is second order
in accuracy, and as shown in Tao (2016), is explicit
and symplectic, even for non-separable Hamiltonians.
Higher order integrators can then be constructed out of
the second order flow map, φδ
H¯
by the Yoshida triple-
jump (Yoshida 1990),
φδ2n+2 = φ
z1δ
2n ◦ φz0δ2n ◦ φz1δ2n , (9)
where φδ2n+2 and φ
δ
2n are the order 2n+ 2 and order 2n
flow maps with timestep δ, respectively,
z0 ≡ − 2
1/(2n+1)
2− 21/(2n+1) , (10)
and
z1 ≡ 1
2− 21/(2n+1) . (11)
FANTASY comes prebuilt with the second and fourth
order integration schemes.
4. AUTOMATIC DIFFERENTIATION
FANTASY performs differentiations to machine pre-
cision automatically through the use of dual numbers.
Dual numbers have been used to perform automatic dif-
ferentiations in the machine learning literature, where
they are treated as ad hoc extensions of the real num-
bers. Here we provide a dual number formalism in the
language of exterior algebra. This formalism allows for
an easy generalization to multivariable calculus, as well
as extensions to arbitrarily curved manifolds.
4.1. Dual numbers in one dimension
The dual number in one dimension is an extension of
R to R2 much like the complex number. For complex
numbers, the second copy of R is multiplied by the com-
plex element i, with the property i2 = −1. For dual
numbers, the second copy of R is multiplied by the dual
element dx, with the property dx2 = 0. A dual number
D can therefore be written as
D = (a+ bdx) , (12)
where both a and b are real numbers. For two dual
numbers D = (a+bdx) and G = (c+ddx) dual numbers,
their multiplication is given by,
DG = ac+ (ad+ bc)dx . (13)
As our notation suggests, the dual numbers are members
of the exterior algebra,
∧
V ≡ T (V )/I, i.e., the algebra
of the wedge products, constructed by the quotient of
the tensor algebra,
T (V ) = R⊕ V ⊕ (V ⊗ V )⊕ (V ⊗ V ⊗ V ) . . . , (14)
for a one-dimensional vector space V , with the two-sided
ideal I consisting of the set of elements of the form
D(dx⊗ dx)G , (15)
where D and G members of T (V ) and ⊗ the usual tensor
product.
Next, we define the dual number form of a real func-
tion of one variable, f(x), as the following,
F ≡ f + f ′dx . (16)
This is a map between real functions of one variable to
the dual numbers. Notice that the multiplicative algebra
of dual numbers given by equation (13) automatically
returns the product rule,
FH = fh+ (fh′ + hf ′)dx , (17)
for f , h arbitrary real functions of one variable, and
where H = h+ h′dx is the dual number form of h. The
case for additions is also readily apparent,
F +H = f + h+ (f ′ + h′)dx . (18)
As such, by writing all of our real functions in their
dual number forms, and performing all our algebra in
dual number space, we get for free the derivatives of all
the multiplications and additions of our functions. This
means that we automatically calculate the derivatives of
all analytic functions.
This automatic differentiation scheme can be further
augmented by defining the action of common functions
on dual numbers. For example,
sin :
∧
V →
∧
V ,
a+ bdx→ sin(a) + b cos(a)dx .
Applying this to the dual number form of f(x) gives
sin(F ) = sin(f) + f ′ cos(f)dx , (19)
which again gives the derivative of f in the second entry.
While these additional definitions are in principle not
necessary as long as all the functions of interests are
analytic, in practice it speeds up computations due to
common functions being highly optimized in languages
such as Python.
44.2. Dual numbers in general phase-spaces
We can generalize the dual number for an n-
dimensional vector space V by demanding again that
they are members of the exterior algebra, T (V )/I, where
now V is an n-dimensional vector space and I is the two
sided ideal consisting of the set of elements of the form
n∑
i
Di(dx
i ⊗ dxi)Gi , (20)
where Di and Gi are members of T (V ). For the coor-
dinates {x1, x2, . . . , xn}, a typical dual number has the
form,
D = a1,1dx
1 + a2,1dx
2 + a31dx
3 + . . .+ an,1dx
n
+ a1,2dx
1 ∧ dx2 + a1,3dx1 ∧ dx3 + . . .+ a1,ndx1 ∧ dxn
+ . . .
+ an,1dx
n ∧ dx1 + . . .+ an,(n−1)dxn ∧ dx(n−1) ,
where a1,2 are real numbers and ∧ is the usual exterior
product.
We define the dual number form of a real function of
n-variables, f(x1, x2, . . . , xn), as
F ≡ f + ∂f
∂x1
dx1 +
∂f
∂x2
dx2 + . . .+
∂f
∂xn
dxn . (21)
This is a map between a function of n-variables to in-
stances of dual numbers with no dxi∧dxj terms. As can
be easily verified, multiplying the dual number forms of
two n-dimensional functions f and h automatically gives
us the product rule,
FH =fh
+
(
f
∂h
∂x1
+ h
∂f
∂x1
)
dx1
+ . . .
+
(
f
∂h
∂xn
+ h
∂f
∂xn
)
dxn
+ cross terms , (22)
where the cross terms are of the form(
∂f
∂xi
∂h
∂xj
− ∂f
∂xj
∂h
∂xi
)
dxi ∧ dxj . (23)
If the vector space V is a 2n-dimensional symplectic vec-
tor space in Darboux coordinates, {x1, . . . xn, p1, . . . pn},
then the cross terms in the multiplication of FG auto-
matically computes the Poisson bracket,
{f, g} =
n∑
i=1
∂f
∂xi
∂h
∂pi
− ∂f
∂pi
∂h
∂xi
. (24)
The next generalization is to arbitrarily curved man-
ifolds. Due to our dual numbers being defined using
the exterior algebra formalism, this can be done in a
straightforward manner. For an n-dimensional manifold
M representing our space or spacetime, its cotangent
space Q ≡ T ∗M is a 2n-dimensional symplectic mani-
fold that represents our phase-space. For a point p on
the phase-space manifold Q, we define the dual number
as a member of the exterior algebra on the cotangent
space of Q at p, i.e., on T ∗p T
∗M . As T ∗pQ is a vector
space, our previous formalism can be directly applied
on it, provided we use T ∗pQ in place of V . These dual
numbers will be members of T (T ∗pQ)/I, where now,
T (T ∗pQ) = R⊕ T ∗pQ⊕ (T ∗pQ⊗ T ∗pQ)⊕ . . . , (25)
and I is the same two-sided ideal as before, but now
defined on T (T ∗pQ).
5. GEODESICS OF THE KERR METRIC
We tested FANTASY by integrating the geodesics of
the Kerr metric. The Kerr metric components are given
in Boyer-Lindquist coordinates {t, r, θ, φ} by
gtt = −
(
1− 2Mr
ρ2
)
, (26)
grr =
ρ2
∆
, (27)
gθθ = ρ
2 , (28)
gφφ =
(
ρ2 + a2 sin2 θ +
2Mra2 sin2 θ
ρ2
)
sin2 θ , (29)
gφt = −Mra
ρ2
sin2 θ , (30)
with M the mass of the black hole, a the spin parameter,
ρ2 = r2 + a2 cos2 θ , (31)
∆ = r2 − 2Mr + a2 . (32)
For η = {1, 0, 0, 0} the timelike and ζ = {0, 0, 0, 1} the
spacelike Killing vectors in Boyer-Lindquist coordinates
and u the orbit’s 4-velocity, the energy of the orbit,
−pt = −η · u , (33)
and the angular momentum of the orbit,
pφ = ζ · u , (34)
should be conserved by the numerical scheme. In ad-
dition, the Kerr metric admits two Killing tensors that
produce two more constants of the motions that should
be conserved by a symplectic integrator. From the
Killing tensor gαβ , we obtain the condition that the
5normalization of the 4-velocity, u · u, must be con-
served along the geodesic. This statement means that
a geodesic that starts timelike (null), remains timelike
(null), and is a distinct statement from the fact that
u · u can always be parameterized to equal −1 for time-
like and 0 for null geodesics. From the Killing tensor,
Kαβ = 2ρ2l(αnβ) + r2gαβ , (35)
where (. . .) in the indices indicate symmetrization, we
obtain the Carter constant,
C ≡ Kαβuαuβ , (36)
as the fourth constant of motion that must be conserved
by a symplectic scheme. For orbits that are confined to
the equatorial plane, the Carter constant is zero, and
furthermore reduces to a function of pt and pφ. As such,
the conservation of the Carter constant for orbits in the
equatorial plane simply follows from the conservations
of pt and pφ.
5.1. Circular orbits
the Kerr metric admits circular timelike geodesics
in the black hole equatorial plane. If our integration
scheme is symplectic, these orbits will remain circular
even if integrated over many orbits. In order to obtain
the initial conditions for circular orbits, first note that
the Euler-Lagrange equation with equation (1) as the
Lagrangian gives
d
dλ
(grr r˙) =
1
2
∂gαβ
∂r
dq˙α
dλ
dq˙β
dλ
. (37)
Because (dr/dλ) = (d2r/d2λ) = 0 for circular orbits,
this equation reduces to
∂gtt
∂r
(
dt
dλ
)2
+ 2
∂gtφ
∂r
dt
dλ
dφ
dλ
+
∂gφφ
∂r
(
dφ
dλ
)2
= 0 . (38)
Solving this equation simultaneously with the timelike
condition,
dq
dλ
· dq
dλ
= −1 , (39)
produces a family of initial conditions for circular or-
bits. As a first test of FANTASY, we confirmed that
the circular orbits in FANTASY remains circular over
many orbital periods, and all relevant constants of mo-
tion are conserved to machine accuracy. We tested this
in two cases: the innermost stable circular orbit around
a Schwarzschild black hole and a circular orbit around
a Kerr black hole with a = 0.5. The errors in the con-
stants of motion for these two tests are given in Figure
1.
5.2. Unstable spherical null orbits
The Kerr metric exhibits unstable spherical null or-
bits which provides a good testing ground for numerical
geodesic integrators. Orbits in this family are given by
the conditions (Teo 2003)
−pφ
pt
= −r
3 − 3Mr2 + a2r + a2M
a(r −M) , (40)
C
p2t
= −r
3(r3 − 6Mr2 + 9M2r − 4a2M)
a2(r −M)2 . (41)
From these two equations, the initial covariant momenta
pα can be solved given the initial radius, r0, as well as
M and a for the black hole. To test the robustness of
our integration scheme, we define
∆r = r − r0 , (42)
and plot ∆r/r0 for the case of M = 1, a = 1, and initial
phase space coordinates q = (0, 1 +
√
3, pi/2, 0) and p =
(−1, 0,
√
12 + 8
√
3,−1) in Figure 2. We reproduced the
exponential growth of ∆r/r0, as expected for unstable
solutions (Chan et al. 2018).
5.3. Generic orbits
We further test FANTASY for orbits that are neither
circular or confined to the equatorial plane and con-
firmed that all four constants of the motion are con-
served over long integration times (Figure 3). In Figure
4, we show the error in the Carter’s constant as a func-
tion of stepsize, ∆t, and demonstrate that the prebuilt
second order and fourth order solvers obey the required
rate of convergences.
6. GEODESICS OF THE KERR-SEN METRIC
As an example application for FANTASY, we study
geodesics of the Kerr-Sen metric. The Kerr-Sen metric
is a black hole solution of an effective field theory cor-
responding to the low energy limit of heterotic string
theory. In Boyer-Lindquist-like coordinates {t, r, θ, φ},
the Kerr-Sen metric components in the Einstein frame
read (Sen 1992),
gtt = −
(
1− 2Mr
Σ
)
, (43)
grr =
Σ
K
, (44)
gθθ = Σ , (45)
gφφ =
(
Σ + a2 sin2 θ +
2Mra2 sin2 θ
Σ
)
sin2 θ , (46)
gφt = −2Mra
Σ
sin2 θ , (47)
60.00 0.25 0.50 0.75 1.00
Steps 1e5
4
2
0
2
4
Er
ro
r
1e 15
0.00 0.25 0.50 0.75 1.00
Steps 1e5
4
2
0
2
4
Er
ro
r
1e 15
0.00 0.25 0.50 0.75 1.00
Steps 1e5
4
2
0
2
4
Er
ro
r
1e 15
0.00 0.25 0.50 0.75 1.00
Steps 1e5
4
2
0
2
4
Er
ro
r
1e 15
0.00 0.25 0.50 0.75 1.00
Steps 1e5
4
2
0
2
4
Er
ro
r
1e 15
0.00 0.25 0.50 0.75 1.00
Steps 1e5
4
2
0
2
4
Er
ro
r
1e 15
Figure 1. The errors in u · u (left), energy (middle), and angular momentum (right) for an innermost stable circular orbit
around a Schwarzschild black hole (top) and a Kerr black hole with a = 0.5 (bottom), integrated up to 105 with a timestep of
with δ = 1 and ω = 1 (top).
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Figure 2. An unstable null geodesic around a Kerr black hole with M = a = 1. The particles start at q = (0, 1 +
√
3, pi/2, 0)
and p = (−1, 0,
√
12 + 8
√
3,−1) (left). The exponential growth in radius (right) is as expected for unstable solutions (Chan
et al. 2018).
where M is the mass of the black hole, a the spin pa-
rameter,
Σ = r(r + 2b) + a2 cos2 θ , (48)
K = r(r + 2b)− 2Mr + a2 , (49)
and b a scalar field. The Kerr-Sen metric reduces to the
Kerr metric when b = 0. Further, while the scalar field
of the Kerr-Sen metric produces an electric charge of
Q =
√
2Mb , (50)
we will only study the motion of electrically neutral par-
ticles. In Figure 5, we provide the integration of some
sample geodesics in the Kerr-Sen metric with a = 0.5
and b = 0.9, and compare them with the analogous
geodesics around a Kerr black hole that starts at the
same point and possess the same energy and angular
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Figure 3. An off-axis, non-circular orbit around a Kerr black hole with a = 0.5, integrated up to 5 × 104 with a timestep of
with δ = 0.5 and ω = 1 (top). Also plotted are the errors in u · u (middle left), energy (middle right), angular momentum
(bottom left), and Carter’s constant (bottom right). The particles start at q = (0, 20, pi/2, 0) (black triangle) with momentum
p = (−0.9764550153430405, 0, 3.8, 3).
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Figure 4. Error in the Carter’s constant as a func-
tion of stepsize, ∆t, for the second order (blue) and
fourth order (green) solvers for the particles initialized
around a Kerr black hole with a = 0.5, with initial
positions q = (0, 20, pi/2, 0) and initial momentum p =
(−0.9764550153430405, 0, 3.8, 3), i.e., the same setup as in
Figure 3. The upper solid line is the ∝ ∆t2 trendline while
lower solid line is the ∝ ∆t4 trendline.
momentum. While the deviations from Kerr is large at
small radii, the Kerr and Kerr-Sen geodesics converge
rapidly for particles even slightly far away from the black
hole.
7. CONCLUSIONS
We present FANTASY, a new tool for the integra-
tion of geodesics in arbitrarily curved manifolds. FAN-
TASY is designed to be user-friendly and works ’out of
the box’, and owing to our integration scheme and im-
plementation of automatic differentiation, only requires
the user to input the metric and initial conditions for
the geodesics. The integration scheme we employ is sym-
plectic, and thus possess bounded errors in the conserved
quantities. FANTASY is open source, and is available
at https://github.com/pierrechristian/FANTASY.
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Figure 5. Geodesics around a Kerr-Sen black hole with a = 0.5 and b = 0.9 (top) and the geodesics starting from the same
point with the same energy and angular momentum around a Kerr black hole with the same spin (bottom) projected to the
equatorial plane. From the leftmost to the rightmost panels, we show geodesics with initial r = {5M, 10M, 15M, 20M}. At
small r, the Kerr-Sen geodesics deviate wildly from those around a Kerr black hole, but they quickly converge for geodesics
orbiting further away.
